We describe our explicit Lorentz-invariant solution of the Einstein equations for the deflection experiment of 2002 September 8 when a moving body, Jupiter, passed within 3.7' of a distant quasar. We show that measurement of the retardation of gravity is equivalent to measurement of the time derivatives of the metric tensor in the post-Newtonian expansion of the light geodesics equation, and we use the gravito-magnetic field to illustrate the concepts. In particular, the v/c term of the deflection, which we measured to 20% accuracy, is associated with the aberration of Jupiter's gravity field caused by its finite speed of propagation. We discuss the misconceptions which have inhibited the acceptance of this interpretation of the experiment. We also comment on other interpretations of this experiment by Asada, Will and Samuel, and show that their interpretations are not entirely consistent with a retarded Liénard-Wiechert solution to the Einstein equations, and do not properly incorporate how the phase of the radio waves from the quasar is perturbed by the retarded gravitational field of Jupiter. Although all of the formulations predict the same deflection to the order of v/c, our formulation shows that the underlying cause of this deflection term is associated in general relativity with the propagation speed of gravity and not of light, and that the interpretations predict different deflections at higher orders of v/c.
I. INTRODUCTION
The recent Very Long Baseline Interferometric (VLBI) experiment of the ultra-precise measurement of the relativistic deflection of a quasar's radio waves (light) by the gravitational field of Jupiter [1, 2] has captivated the keen interest of relativists who are trying to deeply understand gravitational physics. The experiment and its interpretation has illustrated some of the subtleties in the understanding, the approaches, and the mathematical techniques of General Relativity (GR).
The experimental goal was the measurement of the deflection component associated with the retarded position of Jupiter caused by its orbital motion and the finite speed of propagation of gravity c g . We measured this deflection (as well as the Shapiro deflection of 1100 µarcsec) of 50 ± 9 µarcsec, in excellent agreement with the GR prediction of 51 µarcsec which assumes that c g = c. We have interpreted these results as a measurement of the speed of propagation of gravity, c g = (1.06 ± 0.21)c, as it is defined in the theory of general relativity. However, at present there are three other interpretations, which do not agree amongst themselves, concerning the results of the experiment.
• the experiment measured the speed of the radio waves from the quasar [3] ,
• the experiment measured the aberration of the radio waves from the quasar [4] ,
• the experiment measured no significant property of light or of gravity [5] .
In this paper, we streamline our previous theoretical calculations by working out an explicit Lorentz-invariant Liénard-Wiechert solution of the Einstein equations in §2. The VLBI measurement of the phase of a radio wave (light), which has propagated in the field of a moving body (Jupiter), is described in §3. We demonstrate that the speed of gravity and the aberration of gravity are indeed associated with the experiment. The major misconceptions about the properties of gravity are summarized in §4. Finally, in §5 we outline why these other interpretations of the experimental results differ with our interpretation, even though all interpretations predict the same angular deflection result to order (v/c).
where h αβ is the post-Minkowski perturbation of the Minkowski metric tensor η αβ . We impose the harmonic gauge condition [9] on the metric tensor
The linearized Einstein equations in the first post-Minkowski approximation are of the hyperbolic-type (wave) equations for the metric perturbation. In arbitrary harmonic coordinates x α = (ct, x), the Einstein equations read [10]
Here ( = −c −2 ∂ 2 /∂t 2 + ∇ 2 ) is the wave operator in flat space-time, and T µν is the stress-energy tensor of point-like light-ray deflecting bodies
where the index a = 1, 2, ..., N enumerates gravitating bodies of the solar system, M a is the (constant) rest mass of the ath body, x a (t) is time-dependent spatial coordinate of the ath body, v a (t) = dx a (t)/dt is velocity of the ath body, u α a = γ a (1, v a /c) is the four-velocity of the ath body, γ a = 1 − v 2 a /c 2 −1/2 is the Lorentz-factor, and δ (3) (x) is the 3-dimensional Dirac's delta-function.
Because the Einstein equations (3) are linear, we can consider their solution as a linear superposition of the solutions for each body. It allows us to focus on the relativistic effects caused by one body (Jupiter) only, although in the actual experiment the gravitational fields of Sun and Earth are also important and were included in the analysis (see [2, 11] for more detail). Solving Einstein's equations (3) by making use of the retarded Liénard-Wiechert tensor potentials [12] , one obtains the post-Minkowski metric tensor perturbation for Jupiter [12, 13] h µν (t, x) = 2GM J c 2
time on Jupiter's world line, v J (s) = dx(s)/ds is Jupiter's coordinate velocity, and γ(s) = ds/dτ = (1 − v 2 J (s)/c 2 ) −1/2 . Notice that the metric tensor perturbation (5) is valid for accelerated motion of Jupiter and is not restricted by the approximation of a body moving on a straight line (see [12] for more detail). In other words, the four-velocity u α in equation (5) is not a constant.
Because we solved the Einstein equations (3) in terms of the retarded Liénard-Wiechert potentials, the distance r α = x α − x α J (s), the Jupiter's worldline x α J (s) = (cs, x J (s)), and the four-velocity u α (s) are all functions of the retarded time s [12] . The retarded time s is found in the first post-Minkowski approximation as a solution of the gravity null cone equation
that is
where the fundamental constant c in equation (7) must be conceptually understood as the speed of propagation of gravity because it comes from the wave operator of the Einstein gravity field equations (3). Indeed, Maxwell equations have not yet been considered; hence the retardation in equation (7) cannot be associated with the propagation of electromagnetic waves (light).
B. Interpretation of the Einstein Equations
The propagation shown in equations (5) and (7) is physically associated with the finite speed of propagation of gravity. This propagation is realized in the form of a traveling gravitational field which can be decomposed into components of different algebraic types [14] . In the wave zone of the solar system, the traveling gravitational field decouples from the system and propagates as a transverse-traceless (TT) gravitational wave with amplitude decaying as 1/D where D is the distance from the system. However, in the near and transition zones of the solar system, a propagating gravitational field has components which are not completely decoupled from the matter and decay faster than 1/D [14] . These components of the propagating gravitational field are closely associated with the residual gauge freedom of the metric tensor g αβ and for this reason we call them the gauge gravitational waves. They are also known as transverse (T) and longitudinal (L) wave modes [9] . These gauge modes control the validity of the laws of conservation of matter and gravity field in the lower order post-Newtonian approximations [6, 15] .
All components of the propagating gravitational field of the solar system interact with radio waves moving from the quasar to the Earth, and perturb the phase of an electromagnetic waves according to the retardation equation (7) caused by the motion of the bodies and finite speed of gravity (see §3). However, due to the limited accuracy of the VLBI measurements, the jovian deflection is most sensitive to the gauge (T and L) modes of the propagating gravitational field and can measure their speed-the same as the speed of TT gravitational waves according to GR [16] . The use of the retarded Liénard-Wiechert potentials (rather than the advanced potentials) is consistent with the principle of causality, and the orbital decay of binary pulsars caused by emission of gravitational radiation [17] .
The speed of light c is a fundamental constant characterizing the ultimate speed of the special theory of relativity and Lorentz-invariance of flat (Minkowski) space-time metric η αβ . Curved (Einstein) space-time is a Riemanian manifold endowed with metric g αβ which describes geometry of the manifold and, at the same time, properties of the gravitational field residing on this manifold. The speed of gravity is a fundamental constant c g of the curved space-time manifold which is associated with temporal variation of gravitational field (the Christoffel symbols and their time derivatives) and appears any time when one takes a derivative of the metric tensor with respect to time coordinate [18] . Einstein postulated that c g = c because the curved space-time manifold has a tangent space-time which, in principle should coincide with Minkowski space. But this is just a hypothesis which must be tested because c g might be numerically different from the speed of light c in alternative theories of gravity [18, 19] .
C. The Gravito-magnetic Field
Einstein's equations in the frame attached to Jupiter do not contain time derivatives of the metric tensor because the jovian field is static; hence the retardation of gravity (associated with time derivatives of the metric tensor) cannot be measured in this frame. This condition has led many to infer that the retardation of gravity must remain unmeasurable after a Lorentz transformation to another frame, for example to the surface of the earth or the barycenter of the solar system. Thus, it is claimed, that the deflection measurement cannot be associated with the retardation of gravity.
But, the Lorentz transformation of the Einstein equations from static to a moving frame induces time derivatives of the metric tensor (see equation (3)) which can be measured in the light deflection experiment to determine the speed of gravity c g from the retardation of gravity field [2] .
Our interpretation does not mean that the laws of physics change under a Lorentz transformation, but only that some measurable property of gravity can change between a static and a non-static frame. A similar example comes from electrodynamics in the case of a single electron which has a static electric field in its own frame. A Lorentz transformation to a moving frame induces a new field -the magnetic field, which was not observable in the static frame. What the laws of physics insist on is not whether one frame could observe a magnetic field and another could not, but that the resultant motion, for example, of a test charged particle influenced by the electron via the electric and/or magnetic field, is independent of reference frame. Maxwell's equations, also, shows the strength of the magnetic field in the non-static frame, and, thus, its effect on the test particle, is, in fact, related to the speed of propagation of electromagnetic field (light).
The same analogy is associated with the jovian deflection experiment. In Jupiter's frame there is only a static "electric-type" gravitational field. With a Lorentz transformation to a moving frame, a "magnetic-type" field, called a gravito-magnetic field, is induced. This field, according to the theory of general relativity, arises from moving matter (matter currents) just as an ordinary magnetic field arises from moving charges (electrical currents). The analogy is so apt that the equations describing this "magnetic-type" component of gravity can essentially be adapted from Maxwell's equations for electromagnetism by replacing the charge density with the mass density and the charge current with the mass current, with changes of numerical factors reflecting different helicities of electromagnetic (spin 1) and gravitational (spin 2) fields [20] . Thus, in a moving frame, the translational motion of Jupiter produces the gravito-magnetic field which deflects the light by dragging it to the direction of motion of Jupiter [18, 21] . We can measure this gravito-magnetic dragging of light and express its magnitude in terms of the speed of gravity c g , in the analogous way that we can express the magnitude of the magnetic field interaction in terms of the speed of light c [18, 21] .
However, the predicted light deflection must be invariant to any Lorentz transformation. This is clearly the case because all of the calculations of the deflection experiment, regardless of the reference frame, predict the same deflection! But, the property of gravity that is sampled by the experiment does depend on the reference frame. In Jupiter's frame, all of the deflection is associated with the static gravitational field -but we do not observe in this frame. In the frame of the experiment (the barycentric of the solar system), the deflection is associated with a slightly different static gravitational field of Jupiter plus a small gravito-magnetic field, due to its orbital velocity, which is coupled with the speed of propagation of gravity, and reveals itself through the retardation of gravity already in terms of order v/c g beyond the Shapiro delay. More precise measurements of the deflection of Jupiter, which are sensitive to terms of order greater than v/c g , will require a more exact expansion of the Einstein equations taking into account Jupiter's orbital acceleration.
D. The Equivalence Principle
The Principle of Equivalence does not provide any information on the speed of gravity c g . If c g = c, the speed of gravity should appear in the right side of the Einstein equations as a constant characterizing coupling between spacetime and matter variables [18] . Thus, it seems natural to state that the equality c g = c can be already derived from the validity of the Principle of Equivalence, that establishes a correspondence between Einstein's theory of general relativity and the Newtonian theory of gravity. But, the metric tensor perturbation in the Newtonian limit of general relativity depends on a coupling constant κ = G/c 2 , where G is the observed value of the universal gravitational constant and c is the ultimate speed of special relativity. If the speed of gravity was c g = c the difference would be absorbed by re-definition of the seed value ofG to its observed value G in such a way that the coupling constant κ =G/c 2 g = G/c 2 is kept fixed [18, 19] .
III. THE DEFLECTION EXPERIMENT

A. The Electromagnetic Phase
Very Long Baseline Interferometry (VLBI) measures the phase ϕ of the wave front coming from a radio source. The phase is an invariant scalar function with respect to coordinate transformations, and it is determined in the approximation of geometric optics from the eikonal equation [9, 22] g µν ∂ µ ϕ∂ ν ϕ = 0 ,
where g µν = η µν − h µν . The eikonal equation is a direct consequence of Maxwell equations [9, 23, 24] and its solution describes a wave front of an electromagnetic wave propagating in curved space-time defined by the metric tensor in equations (1), (5) . We emphasize that the electromagnetic wave in equation (8) is a test field that has no back-action on the properties of the metric tensor perturbation h µν , and does not change the curvature of the space-time. Hence, equation (8) of the eikonal is not related to the specific properties of the electromagnetic field, but is completely determined by the structure of space-time, or, more accurately, its geometry defined by equations (1), (5) [23] . Let us introduce a covector K α = ∂ α ϕ. Let λ be an affine parameter along a light ray orthogonal to the electromagnetic wave front ϕ. The vector K α = dx α /dλ = g αβ ∂ β ϕ is tangent to the light ray. Equation (8) expresses a simple fact that the vector K α is null, that is g µν K µ K ν = 0. Thus, the light rays are null geodesics defined in the linearized post-Minkowskian approximation by equation [22] dK α dλ
which describes propagation of a light (radio waves) ray from the quasar to the observer (VLBI station). Equations (8) and (9) are supplementary to each other and have equivalent physical content. A more straight-forward solution to equation (8) can be obtained. If Jupiter's acceleration is neglected, solution of the eikonal equation (8) is
where ϕ 0 is a constant of integration, k α = c −1 (ν, νk) is a constant wave vector of the unperturbed radio wave such that η µν k µ k ν = 0, ν is its unperturbed constant frequency. The speed c in the expression for the wave vector k α must be conceptually understood as the speed of light, and the unit vector k defines the unperturbed direction of propagation of the radio wave from the quasar. One can easily prove that equation (10) is a particular solution of the electromagnetic eikonal equation (8) . Indeed, observing that
where γ = (1 − v 2 J /c 2 ) −1/2 , one obtains from the gravity null cone equation (6) ∂
Differentiation of equation (10) using equations (11) and (12) shows that the eikonal equation (8) is satisfied. Equation (10) for the electromagnetic phase is clearly Lorentz-invariant and valid in an arbitrary coordinate system. The gravity field (transverse-traceless and gauge modes) propagates from Jupiter along the hypersurface of gravity null cone (7) and perturbs the phase front of the radio wave at a field point x α (see figure 1 ). Notice that the procedure of solving of the eikonal equation (8) does not change the physical meaning of the retarded time s in the coordinate of Jupiter x α J (s), affected by the propagation of the gravity. Equation (7) does not depend on the wave vector k α which alone contains the information about the speed and direction of propagation of the quasar's radio wave. In other words, a gravitating body (Jupiter) always perturbs the electromagnetic phase and deflects the light by acting from its retarded position x J (s) regardless of the direction of motion of the incoming photon and/or the magnitude of its impact parameter with respect to the light-ray deflecting body. Hence, the speed of light can not enter in any way to the gravity null cone equation (7). This independence of the retarded time s from the electromagnetic wave vector k α clearly shows that the retardation is not due to the propagation of the radio wave from the quasar. The radio propagation can not be responsible for the retardation effect because the radio wave is just a test field used to study physical characteristics of the space-time geometry [23] . The retardation in Jupiter's position exists prior to solving the eikonal equation; hence the solution of the eikonal equation can not change this property of the propagating transverse-traceless and gauge modes of the gravity field. This conclusion is supported in more detail in [18] where the speed of gravity and the speed of light are distinguished at the level of the original Einstein field equations by denoting them with different letters c g and c respectively.
B. The Time Delay
The Lorentz-invariant relativistic time delay equation, generalizing the static Shapiro delay [25] , can be obtained directly from equation (10). We note that the phase ϕ of electromagnetic wave, emitted at the point x α 0 = (ct 0 , x 0 ) and received at the point x α = (ct, x), remains constant along the wave's path [9, 22, 24] . Indeed, if λ is an affine parameter along the path, one has for the phase's derivative
which means that ϕ (x α (λ)) =const in accordance with our assertion. Equating two values of the phase at the points x α 0 and x α and separating time and space coordinates one obtains from (10)
where 'const' denotes all of the constant terms and the relativistic terms taken at the emitting point, the distance r = x − x J (s), r = |x − x J (s)|, and the retarded time s are defined by the gravity cone equation (7) . The time delay (14) was derived first by Kopeikin and Schäfer [13] who solved equations for light geodesics in the gravitational field of moving bodies. Klioner [26] also obtained this expression by making use of the Lorentz transformation of the Shapiro delay (effectively of the Einstein equations) from a static to moving frame. Notice that equation (14) describes a hypersurface of the light cone along which electromagnetic waves from the quasar are propagating. This light cone intersects with the gravity null cone (7) at the point x α at which the propagating transverse-traceless and gauge modes of Jupiter's gravity field reach the hypersurface of electromagnetic phase at time t when Jupiter is located at its retarded position x J (s) coinciding with the origin of the retarded gravity null cone (see figure 1 ). The light cone equation (14) does not coincide with the gravity null cone equation (7), and implies that light can not propagate on the hypersurface of the gravity null cone (7) .
C. The Aberration of Gravity
Let us start with the light geodesics equation (9) . Taking partial derivative from the metric tensor recasts equation (9) to the following form
where [12] 
and we have neglected Jupiter's acceleration. The vector r α is null due to the gravity null cone equation (6), but the vector n α is space-like, because n α n α = +1. This occurs because the retardation of gravity effect in equation (16) (present in the coordinate x J (s) of Jupiter through the retarded time s) is compensated by the second term depending on the four-velocity of Jupiter u α which is a time-like vector, u α u α = −1. These velocity-dependent terms present in the gravitational force are associated in GR with the relativistic effect known as aberration of gravity [6] because they describe a change in the direction of the gravitational force caused by motion of the gravitating body.
The compensation of the retardation of gravity by the aberration of gravity in the expression for vector n α can be demonstrated using a Taylor (post-Newtonian) expansion of x α J (s) around time t. This gives
where terms depending on Jupiter's acceleration have been neglected,
is a purely spatial vector lying on the hypersurface of constant time t, r = |x − x J (s)|, and the retarded time equation (7) has replaced s − t with r/c with c, in this case understood as the speed of gravity. Substitution of equations (17) , (18) into equation (16) , and reduction of similar terms, show that retarded term proportional to s − t cancels with the gravity aberration term proportional to u α and reduces to
This result, shown elsewhere [6] , reveals that the gravitational acceleration of a light particle (photon) is directed toward the present position of Jupiter x J (t). At first glance, this might imply that the retardation of gravity cannot be measured in the linear v J /c approximation beyond the Shapiro delay! However, the VLBI experiment measures the electromagnetic phase of the radio wave and direction of its propagation, which do depend on the retardation of gravity in contrast to the gravitational acceleration of radio wave (light particles) which is not VLBI-measurable quantity. This is shown by equation
which is derived by direct differentiation of the gravity null cone equation (6) taken on the trajectory of the radio wave signal x α = x α (λ). Using equation (21) for the integration of the light geodesic equation (15) gives
which coincides with the expression for K α = ∂ α ϕ, derived by differentiation of the electromagnetic phase (10). Equation (21) shows that terms explicitly depending on Jupiter's velocity in the functions n α and r R , present in the gravitational force in right side of equation (15), are eliminated by the integration procedure (21) . Thus, the subsequent post-Newtonian expansion (17) of r α in the function k α r α , that enters solution (22) for K α and that (10) for the phase ϕ(x α ), gives terms which depend on the retardation and speed of gravity already in linear order ∼ v J /c. This result is confirmed in [18] using more sophisticated mathematical techniques.
D. Why Can VLBI Determine the Retarded Position of Jupiter?
The gravitational force exerted by moving Jupiter on any mass (including radio photons) is directed toward the present position of Jupiter as shown in equations (15) and (19) . A question arises: "How can the gravitational force be directed from the present position of Jupiter, but the phase of electromagnetic waves, measured by VLBI, be directed from the retarded position?" The answer to this question arises from the nature of radio waves which move along null rays and their wave fronts form a null hypersurface (light null cone).
The gravitational 4-force on the right side of equation (15) has a Newtonian analog, and for this reason this force is a space-like vector directed to the present position of Jupiter x α J (t). Integration of the 4-force along particle's trajectory gives a 4-velocity vector of the particle which is tangent to particle's world line. In the case of a slowly moving particle, its 4-velocity is a time-like vector. However, radio photons move along light geodesics and their 4-velocity is a null wave vector [9, 22] . Hence, the integration of the light geodesics (15) along the photon trajectory must produce the null vector K α = k α + δk α of the photon, where k α is an unperturbed wave vector of the photon and δk α is its perturbation caused by the space-like vector of the gravitational force (see equation (22)).
The null vector K α is a gradient of the radio phase with K α = g αβ ∂ β ϕ and the phase ϕ(x α ) is a null hypersurface. The gravitational field of Jupiter also propagates along null directions defined by vector r α = x α − x α J (s), where x α J (s) is a retarded position of Jupiter taken at the retarded time s defined by the gravity null cone equation (7) . The wave front (phase) of the gravitational wave from moving Jupiter, ϕ gr (x α ), is a null hypersurface. Radio photon interacts with the gravitational wave at point x α . Therefore, two null hypersurfaces ϕ(x α ) and ϕ gr (x α ) intersect at this point and form a null sub-hypersurface such that both vectors K α and r α belong to it, and the gravitational perturbation of the radio phase is defined by the structure of this null sub-hypersurface.
There are only three scalars that can be formed from the three vectors k α , r α , and u α (Jupiter's velocity): k α u α , r R = −u α r α , and k α r α , and the pertubation of the radio wave phase can depend on a linear combination of these three scalars. The scalar r R , however, can be eliminated because the partial derivative of the phase ∂ α ϕ must be a null vector, whereas the partial derivative ∂ α r R = n α (see equation (16)) is a space-like vector which does not lie on the null hypersurface. The scalar k α u α is clearly a constant and has no influence on the propagation direction of the photons. Thus, the only significant scalar combination defining the gravitational perturbation of the electromagnetic phase ϕ is simply k α r α , which depends on the retarded position x α J (s) of Jupiter taken at the retarded instant of time s defined by the gravity null cone equation (7) . The exact solution of the eikonal equation (8) confirms the above argument, and shows why the radio phase is sensitive to the retarded position of Jupiter, whereas the gravitational force, acting on photons as a space-like vector, is sensitive to the present position of Jupiter.
In summary, the solution of the Einstein equations shows that gravity propagates from a massive body; hence the retarded position of the body, if the speed of propagation is not infinite, is a natural consequence of the theory. But, the interaction of gravity on the kinematics of slowly moving bodies (v ≪ c) will not produce a null vector (in four-velocity), and the retardation of gravity effect is relegated to higher orders of v/c in the solutions of the equations of motion [27] . On the other hand, the phase (delay) of the radio waves which is measured by VLBI, is sensitive to the retardation of gravity effect (retarded position of Jupiter) at order v/c because the electromagnetic field has the same speed as gravity in contrast to the slowly moving bodies.
E. Speed of Gravity as a Fitting Parameter
Our theoretical formulation of the problem of propagation of light in a time-dependent gravitational field of moving bodies predicts that the retarded coordinate of Jupiter x J (s) in equations (5)-(10) is shifted from its present position x J (t) due to the finite time the gravity takes to propagate from a moving Jupiter to the field point x α . To quantify this prediction experimentally we have developed a rigorous theory of the Einstein equations and light geodesics, parameterized with the speed of gravity parameter c g [18] . This theory indicates that we are allowed to substitute Eq. (7) with the more general
where c g is a speed of gravity parameter running from c g = ∞ (Newton) to c g = c (Einstein). Values of c g less than c (although such values can be formally obtained from the fitting procedure) are excluded by observations of cosmic rays. Indeed, if c g were less than c, the cosmic rays would radiate energy in the form of gravitational Cherenkov radiation, which contradicts the observations [28] . Equation (23) is valid up to the post-Newtonian terms of second order in the sense that it is obtained as a retarded solution of the Einstein equations where all time derivatives contain a single parameter c g [18] . The value of the parameter c g was found by minimizing the phase residuals δϕ = |ϕ obs − ϕ cal (x α )|, where ϕ obs is the observed value of the phase, and
which is the model function for the phase obtained from equation (10) after replacement of r α with ρ α = x α − x α J (s g ). We have introduced the speed of gravity parameter c g to equations (23) and (24) in such a way that eikonal equation (8) does not change the physical identity of the gravity null cone equation (7) which treats the retardation as due to the finite speed of gravity. The solution to the Einstein equations remains the same as in equation (5) with s replaced with s g [18] . This speed-of-gravity parameterization of the Einstein equations demands that the speed of the gravitational field is the same in both the wave and near zones. Our goal was to measure c g , and to determine if c g = c predicted by general relativity.
The retardation of gravity is unobservable in the solutions of the post-Newtonian equations of motion of selfgravitating bodies (a binary pulsar and the Earth-Sun, for example) to terms of order v/c and v 3 /c 3 beyond the Newtonian law of gravity because of a perfect cancellation of the retarded and velocity-dependent terms present in the gravitational force between the bodies [27] . However, the present paper (see also [1] ) shows that the retarded terms do not cancel in the solution (10) of the eikonal equation by the velocity-dependent terms. In other words, the term r R = −u α r α in the metric tensor perturbation (5) is not present in equation (10) for ϕ. Instead, the phase ϕ has an argument k α r α which does not depend on the velocity of Jupiter explicitly. However, the post-Newtonian expansion of function k α r α around the present time t will generate velocity-dependent terms which are physically equivalent to the aberration of gravity. This produces a displacement of the center of Jupiter's gravity field from its position at the time of observation t to its retarded position at the retarded time s (see figure 2 ). This retardation was confirmed in the jovian deflection experiment [2] .
F. The Determination of the Speed of Gravity
The speed of gravity was determined from the experiment in the following way. Let us introduce two angles Θ = Θ(t) and θ = θ(s g ). The angle Θ is between the unit vector k characterizing direction of propagation of the light ray and the unit vector p = R/|R| while the angle θ is between vector k and l = l(s g ) = ρ/ρ. Here R = x − x J (t) connects the present position of Jupiter x J (t) at the time of observation t and the point of observation x, whereas ρ = x − x J (s g ) connects the retarded position of Jupiter at the retarded time s g = t − ρ/c g and the point x (see equation (23)). By definition cos Θ = k · p, and cos θ = k · l (see figure 2) . ¿From the definitions of vector l(s g ) and the angle θ(s g ), we can obtain their post-Newtonian expansions in the near zone of the solar system by using of equation (17) . Notice that l(t) = lim sg →t l(s g ) ≡ p, and θ(t) = lim sg →t θ(s g ) ≡ Θ.
The argument of the logarithm in equation (24) for ϕ cal is
The post-Newtonian expansion of the model function of the electromagnetic phase yields
where the constant and ln ρ terms have been neglected because they are smaller that the other relativistic terms, and are much smaller than the experimental angular sensitivity. The term in square brackets of the logarithmic function describes a small displacement of vector p to the retarded direction
This equation is independent of the electromagnetic wave vector k and describes a change from the present (ephemeris) position of Jupiter described by vector p to its retarded location given by vector l (see figure 2 ). This displacement is caused by the propagation of gravity with finite speed, and is associated with the aberration of Jupiter's gravity field. The determination of ϕ 0 , the unperturbed direction to the quasar k, and coordinates of Jupiter in ϕ cal can be obtained too sufficient accuracy using the JPL ephemeris of the solar system objects with respect to the quasi-inertial reference frame, defined by the International Celestial Reference Frame grid of quasars in the sky [2] . This allows the measurement of the retardation of gravity incorporated in equation (7) for retarded time s.
As we emphasized in previous sections, the aberration of gravity is unobservable in the case of the gravitational interaction between two bodies [6] , and the gravitational acceleration of the radio waves (photons) are, thus, directed toward the present location of Jupiter. However, the electromagnetic phase (not the acceleration) of the radio wave was measured in order to extract information about the direction to the position of Jupiter which has gravitationally deflected the radio wave in the near zone as a gauge gravitational wave or, equivalently, as a propagating gravitomagnetic field. We have shown that this direction coincides with the retarded position of Jupiter according to general relativity theory.
At the time of the closest approach of Jupiter to the quasar on 2002 September 8, the angle Θ ∼ 3.7 ′ = 10 −7 rad, so that 1 − k · p = (1/2)Θ 2 + O(Θ 4 ), since Θ ≪ v J /c = 4.5 × 10 −5 . The aberration of gravity post-Newtonian equation (26) can be expanded with respect to a small parameter v J /(cΘ) and becomes
which was used to estimate the magnitude of the aberration of gravity effect [2] described by the second term in square brackets. The magnitude of the aberration of gravity is inversely proportional to the speed of gravity parameter c g which has been measured in this experiment as c g = (1.06 ± 0.21)c [2] . This sets the upper limit on the speed of propagation of the gauge gravitational waves in the near-zone of the solar system. Higher angular accuracy is needed in order to detect TT gravitational waves and measure their speed with existing [29] or future [30] technologies of the gravitational-wave detectors and/or other technique [31] .
IV. COMMON MISCONCEPTIONS ASSOCIATED WITH THIS EXPERIMENT
A. Misconception 1: The Gravitational Field of a Uniformly Moving Body is Static
This misconception is associated with the following reasoning. The gravitational field of a uniformly moving body can be obtained by solving Einstein's equations in the static frame of the body with its subsequent Lorentz transformation to the moving frame. Since the gravitational field in the body's reference frame is static and not propagating, this "non-propagation" property of the gravitational field will be preserved after making the Lorentz transformation to the moving frame.
Any field is called propagating if it is obtained as a solution of the wave-type equation. A field is static if, and only if, it is obtained as a solution of elliptic-type equation. But Einstein's equations in the moving frame are not of the elliptic-type, they contain time derivatives and are essentially of the hyperbolic-type (wave) equations (3) . The causal (retarded) solution of these equations describes the gravitational field of a uniformly moving body which depends on time. This dependence is represented in the form of a wave, equation (5) , propagating from the body to the field point x α along the hypersurface of gravity null cone (7) . The gravity null cone structure is hidden in the static solution of Einstein's equations in the rest frame of the body. But, a Lorentz transformation from the static frame of the body to a moving frame preserves the structure of the gravity null cone, as Einstein's equations insist, but now makes the cone measurable. As discussed previous, the cone becomes measurable in the moving frame because the time derivatives of the wave equation are non-zero, and these terms produce the retarded gravitational wave.
B. Misconception 2: The Propagation of the Gravitational Field of a Uniformly Moving Body Can Not Be Observed
The gravitational force acting on a test particle moving in the field of a uniformly-moving massive body is directed to the present position of the body in accordance with equations (19) and (20) . Thus, it is assumed that the propagating property (retardation) of the field of a uniformly moving body cannot be observed. This is true if the trajectory of the test particle is measured. The normal use of relativistic celestial mechanics generally deals with such problems; such as the motion of binary systems, and solar system objects. However, this is not true if the phase of an electromagnetic signals are measured as the wave front propagates in the field of a uniformly moving body. As shown in section III D, the phase depends on the retarded position of the body. This retarded position of the body is caused by the finite speed of propagation of gravity along the gravity null cone (7) ; hence this speed can be measured.
A similar situation is associated with the phase of a wave function in quantum mechanics. This property (the phase) was considered as unobservable until 1984 when M. Berry published a paper proving opposite (for historical and mathematical details see [32] ). For over 60 years, this fundamental property escaped notice. The jovian deflection experiment also showed that the measurement of the phase of an electromagnetic signal passing through the gravitational field of a uniformly moving body can be used to determine the speed of propagation of gravity, a somewhat surprising result which escaped notice until recently.
C. Misconception 3: The Parameter c of the Lorentz Transformation is the Speed of Light
We generally associate the parameter c of the Lorentz transformation with the speed of light. However, verbatim interpretation of c as a speed of light is incorrect and narrows the true meaning of the Lorentz transformation which describes the transformation property of Maxwell's equations only. Einstein's equations are also wave equations where the wave operator depends on the fundamental constant c g = c which must be interpreted as the speed of propagation of gravitational field. Consequently, the Lorentz transformation associated with the Einstein equations must be related to the speed of gravity parameter c g . Hence, parameter c of the Lorentz transformations is just a fundamental constant which characterizes a speed of propagation of any massless field in vacuum. Hence, the name of the "speed of light" for the parameter c in the Lorentz transformation should not be taken too literally.
D. Misconception 4: The Speed of Gravity Can Only Be Measured from Gravity Waves from an Acceleration Body
The prevailing view is that the speed of gravity can only be associated with the propagation of plane gravitational waves decoupled from the system emitting these waves. Such waves are generated if the second time derivative of the quadrupole moment of the system is not constant [9, 22] ; that is, the bodies comprising the system accelerate. These plane gravitational waves, which are type N according to Petrov's classification of gravitational fields [14, 23, 33] , are indeed generated if, and only if, the bodies accelerate. However, the gravitational field of a system emitting gravitational waves also has contributions from other Petrov's type fields -I, II, and III, which are also propagating in general relativity with the same speed as the N-type waves, but decay faster with distance from the system so that these fields can not be observed as freely propagating waves of type N [14] .
The multipolar decomposition of gravitational field of an isolated astronomical system, emitting gravitational waves, in the near, intermediate, and wave zones of a system, have been already studied [15] . We showed that the retarded gravitational field of the system, written down in a wide class of ADM-harmonic coordinate systems, depends in general on the retarded value of the quadrupole moment of the system, as well as its first (velocity associated) and second (acceleration associated) time derivatives. The second time derivatives of the quadrupolar field dominates in the wave zone but plays no significant role in the near and intermediate zones. Here, the gravitational fields associated with the retarded value of the quadrupole moment of the system and its first derivatives prevail. Thus, a propagating gravitational field should not be associated only with the accelerated motion of the bodies when measurements are made in the near and/or intermediate zone of the system emitting gravitational waves.
In summary, the propagation of gravity is a general concept which must be associated with the property of gravitational field, and is not limited exclusively to plane gravitational waves of Petrov's N type. Thus, a uniformly moving body generates a retarded gravitational field which is associated with velocity of the body. This property has a direct analog in electrodynamics [7, 22, 34] when electromagnetic field of moving charge is calculated in terms of the retarded Liénard-Wiechert potentials. This velocity field will reflect the propagation of the gravitational field as well as acceleartion field, and hence, can be used to determine the speed of gravity using the phase of the radio waves, as explained in previous sections of this paper. General relativity unequivocally predicts that the deflection of the radio photon occurs the most strongly when Jupiter is at its retarded position x α J (s) on the gravity null cone (7) . In the case when the direction to the observed radio source makes a right angle with that to Jupiter, the time of the closest approach t of radio photon to the instantaneous position of Jupiter will not be when the photon is most strongly deflected by Jupiter. These considerations shows that the proper position of Jupiter to determine the deflection is when it is at retarded position x α J (s) associated with the propagation of gravity, not the propagation of light.
In the case of a small impact parameter of the light ray to Jupiter, the time of the closest approach t * of the light ray to Jupiter is nearly equal to the retarded time s, equation (7), caused by the finite speed of gravity. Thus, the retarded position x α J (s) of Jupiter can be expanded around the time of the closest approach, x α J (s) = x α J (t * )+ (s− t * )u α (t * )+ ... so that position of Jupiter x α J (t * ) taken at the time of the closest approach can be used in calculation of the light-ray deflection with a very good approximation. One should not however confuse the cause and effect -the time of the closest approach of the photon to Jupiter is not inherent to the theory at all, but comes from an approximation for small impact parameter of light-ray trajectory to the light-ray deflecting body. It does not mean that the retardation is caused by light propagation. Full treatment of the small and large impact parameter approximations in the case of gravitational lensing is given in [13, 15, 24] . This misconception arises from the post-Newtonian expansion of the metric tensor perturbation h αβ in equation (5) made prior to solving the eikonal equation (8) . Indeed, the post-Newtonian expansion of h αβ , using the Taylor expansion of the retarded variables depending on the retarded time s in equation (7) around the present time t, leads to
where h Although h αβ (t, x) does not contain terms of order v/c, the measurement of these gravitational potentials by VLBI is indeterminate because the gauge invariance of the Einstein equations make the potentials coordinate-system dependent. There are gauges, like the ADM gauge [9] , where g 00 and g 0i components of the metric tensor become the solution of the elliptic-type equations which suggest that these metric tensor components do not propagate at all. But, of course, any physical influence of these potentials on measurable quantities is not instantaneous but propagates with the finite speed. This resembles the situation in electrodynamics where the Coulomb gauge leads to the elliptictype equation for scalar potential but it does not mean that electric and magentic fields propagate instantaneously [34] . Hence, the potentials are not directly measurable quantities because they depend on the specific choice of gauge conditions which is a matter of convenience. Only those observable quantities which are gauge-independent can be used to probe physical properties of the gravitational fields; in particular, whether terms of order v/c the Shapiro delay can be associated with the propagation of gravity.
Our method of analysis, given in this paper, consists of two part: first, to solve the problem of the propagation of light in the time-dependent gravitational field by making use of the Liénard-Wiechert potentials; and then to determine the post-Newtonian expansion of the solution in order to produce the physical interpretation in terms of different order in v/c. However, we will show below that if the post-Newtonian potentials (29) are used to solve the eikonal equation (8) , the solution will contain terms of order v/c which can be represented in several equivalent forms-leading to ambiguity in the interpretation of the solution. This ambiguity can be resolved only if the solution of the eikonal equation at higher orders of v/c are also determined in order to match it smoothly with the linear terms of order v/c in the phase. (see also [18] ).
For this experiment, the observable quantity is electromagnetic phase ϕ which is a gauge-independent quantity [9] . We can measure the impact of the gravitational potentials on the electromagnetic phase in the following manner. The post-Newtonian expansion of the electromagnetic phase is
where ϕ 0 is constant and k α is the wave vector of electromagnetic phase. Substitution of equation ( 
where U J (t, x) = GM J /R, R = |x − x J (t)|, and k i is the unit vector in the direction of propagation of light rays which are orthogonal to the hypersurface of the phase ϕ. Equation (31) is a partial differential equation of the first order and its solution is
where p = k − c −1 v J , and v J = dx J (t)/dt is Jupiter's velocity. The argument of the logarithmic function in equation (32) can be represented in two different forms. The first form is given by [4, 21] 
where
The second form is
where k α is a wave vector of the radio wave, r α = (r, r), r = x − x J (s), r = |r(s)|, and the retarded time s is given by the gravity null cone equation (7) . Equation (34) is similar in form to the aberration of light formula transforming the direction of propagation of the light ray k from the moving frame of an observer to the direction K in the static frame of Jupiter. This is why Will [4] interpreted the effect we have observed as the aberration of light (see next section). However, equation (35) clearly shows that this aberration term should be interpreted as an aberration of gravity caused by its propagation because Jupiter's coordinate depend on the retarded time s defined through the solution of the Einstein (wave) equation (3). Any aberration, of course, is of order v/c but only one type of aberration of either electromagnetic or gravitational field can be unambiguously extended to terms of second order in v/c to keep Lorentz-invariance of the equations. Our calculations show that aberration of electromagnetic field alone can not preserve the Lorentz-invariance of the electromagnetic phase in higher orders in v/c.
V. OTHER INTERPRETATIONS
Three alternative interpretations, which disagree with our interpretation and amongst themselves, of the jovian deflection experiment have been proposed. We have analyzed fully the alternative interpretations elsewhere [18] , but summarize the main arguments here.
The main reason for the disagreements with the three other interpretations is their use of the truncated linearized expansion of the Einstein equations which are not Lorentz-invariant. The truncated linearized theory is not sufficient to give the proper geometrical picture of the observed quantity which is, in fact, a Minkowskian dot product Φ = −k α r α between two null vectors k α and r α (see figure 1 ) in the relativistic perturbation of the electromagnetic phase ϕ in equation (10). When this theory is truncated at linear v/c order terms, the simple geometric picture of the experiment is easily missed and the interpretation of the experiment becomes obscured.
Will [4] introduced a set of alternative theories of gravity with a propagation speed c g which could differ from the speed of light c. However, the use of the Post-Newtonian Parameterization (PPN) approximation, which is widespread, does not keep the geometrical relationship between the Christoffel symbols and Ricci tensor for different values of c g . Thus, his use of the PPN approximation to analyze relativistic corrections to the Shapiro time delay is not in strict accordance with GR.
As discussed in the previous section, Will's formulation does predict an 'aberration' deflection of order v/c, equation (34), although Will attributes this aberration to light. The difference between his interpretation with ours can be resolved by finding explicit terms of the second order in v J /c in the solution of eikonal equation (8) , and then matching them smoothly with the solution (32) . This matching shows [18] that the correct interpretation of the logarithmic argument in equation (32) is associated with propagation of gravity. In other words, had the exact aberration-of-light formula been used to account for the second order terms in equation (34), it would not produce all of the second and higher order terms in the solution of the eikonal equation (8), whereas the retarded time equation (35) gives all terms of second and higher orders in the Lorentz covariant solution of the eikonal equation (8) as shown by the calculations given in the present paper. Thus, the correct meaning of the linearized equation (34) should not be associated with the aberration of light but with the gravito-magnetic dragging of the quasar light ray caused by the orbital motion of Jupiter [21] and associated with speed of propagation of gravity.
Asada [3] suggested that the origin of the retarded time equation (7) is associated with the propagation of the radio waves measured in this experiment. However, this equation originates from the Einstein equations (3), which describe the propagation of gravitational field, and is not associated with propagation of radio waves from the quasar. Propagation of radio waves is described by the time delay equation (14) which describe the light cone (see figure 1) .
A fundamental flaw in Samuel's [5] interpretation was his assumption that the direction to Jupiter was directly measured in the deflection experiment so he confused the propagation of gravity and the propagation of light. Even at the minimal separation of 3.7 ′ of Jupiter and the quasar on 2002 September 8, no radio emission from Jupiter was obtained with the VLBI observations. The direction to Jupiter was not directly measured but known extremely accurately from the JPL solar system ephemeris, and was used for the minimization of the residual electromagnetic phase with the speed of gravity c g taken as a fitting parameter. More detailed analysis is given in [18] and [36] .
VI. SUMMARY
We have developed a Lorentz-invariant theory of relativistic light-deflection experiments associated with moving bodies in the solar system. The formulation is based on the retarded Liénard-Wiechert solution of the Einstein equations, and explicitly calculates the effect on the phase of the radio wave from the quasar caused by the finite speed of propagation of gravity. Our post-Newtonian expansion of the retarded coordinate of the light-ray deflecting body shows that the retardation of gravity effect is present already in linear terms of order v/c beyond the Shapiro delay; hence, we interpret the v/c term as caused by the aberration of gravity in the expression for the gravitational force (15) exerted by Jupiter on the photons. We have used the concept of the gravito-magnetic field as an aid in understanding the gravitational phenomena associated with this experiment.
The VLBI measurements confirmed that the deflection is associated with the retarded position of Jupiter, with c g ≈ c to 20% accuracy [2] . Other contradictory interpretations of the experimental results are associated with: (1) an analysis of the Einstein equations which are not Lorentz-invariant; (2) misconceptions about the experimental method and analysis; (3) misunderstanding of the nature of the interaction of the gravitational field from moving objects with the phase of the quasar signal which is a null hypersurface. The phase is influenced in order v/c by the propagating gravitational field of Jupiter and this perturbation reveals itself as the aberration of gravity force of Jupiter due to the finite speed of gravity, whereas the motion of extended objects which gravitationally interact (e.g., binary systems) are influenced by the propagation of gravity only at higher orders of v/c due to perfect cancellation of retarded and aberration-like terms in the equations of motion of these bodies [6, 27] .
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